Introduction
Let M 0 and M 1 be connected, compact 2q-dimensional, smooth manifolds (q ≥ 2) with (possibly empty) boundary and the same Euler characteristic. A stable diffeomorphism from M 0 to M 1 is a diffeomorphism
The cancellation problem is to classify stably diffeomorphic manifolds and we briefly mention its history in section 2. The most systematic approach to date is via the surgery obstruction monoids l 2q+1 (Z[π]) [Kre99] which depend upon the twisted group ring Z[π] defined by the orientation character of the fundamental group of M 0 and the parity of q. Henceforth we assume that q = 3, 7 (see subsection 2.2 for some remarks on these dimensions). A stable diffeomorphism h gives rise to an element Θ(h) in l 2q+1 (Z[π]) (see Lemma 2.2) and a fundamental theorem of [Kre99] states that there is a submonoid
if Θ(h) ∈ El 2q+1 (Z[π]) then there is an s-cobordism between M 0 and M 1 .
Despite its topological significance, no computation of l 2q+1 (Z[π]) appears in the literature for any group π. In this paper we give exact sequences which compute l 2q+1 (Z[π]). But first we give some topological applications.
Recall that a finitely presented group is polycyclic-by-finite if it has a subnormal series where the quotients are either cyclic or finite (see Definition 7.2). The number of infinite cyclic quotients is an invariant of π called the Hirsch number h(π). We define h ′ (π, q) to be 0 (resp. 1) if π is trivial and q is odd (resp. even), 2 if π is finite but non-trivial and h(π) + 3 if π is infinite. Theorem 1.1. Suppose that the fundamental group π of M is polycyclic-byfinite and that M ∼ = N ♯ k (S q × S q ) where k ≥ h ′ (π, q). Then every manifold stably diffeomorphic to M is s-cobordant to M . Remark 1.2. For finite π the theorem is [Kre99] [Corollary 4]. For closed, 4-dimensional manifolds with finite fundamental group Hambleton and Kreck [HK93] showed the above theorem holds in the topological category when M ∼ = N ♯(S q × S q ). Recently Khan [Kha04] has also proven cancellation results for closed topological 4-dimensional manifolds with infinite fundamental group. While Khan's bound is sometimes one better than ours, his methods do not apply for all polycyclic-by-finite groups: for example certain semi-direct products (Z × Z) × α Z where α ∈ GL 2 (Z) has infinite order.
Let Bπ be an aspherical space with fundamental group π. Our next theorem concerns the representation of elements in the (2q + 1)-dimensional oriented bordism group of Bπ via mapping tori. Theorem 1.3. Suppose that M is an oriented manifold with polycyclic-byfinite fundamental group π, that M = N ♯ k (S q × S q ) for k ≥ h ′ (π, q) and that the canonical map M → BSO × Bπ classifying the tangent bundle of M and the universal cover of M is a q-equivalence. Then every element of the oriented bordism group, Ω SO 2q+1 (Bπ), can be represented by the mapping torus of an a orientation preserving diffeomorphism f : M ∼ = M which induces the identity on π.
Whereas the above theorems concern 2q-dimensional manifolds with appropriately large intersection forms our next theorem considers 2q-dimensional manifolds with small intersection forms. Let K ⊂ H q (M ) (where Z[π] coefficients are understood) be the submodule of elements which evaluate to zero when paired with all decomposable elements of H q (M ). Further let λ M | K be the restriction of the equivariant intersection form of M , λ M :
Let also π = π 1 (M ) and let UWh(π) (resp. U ′ Wh(π)) be the subgroup of the Whitehead group of π given by torsions arising from automorphisms of quadratic (resp. symmetric) hyperbolic forms (see subsection 6.1).
Theorem 1.4. Suppose that λ M0 | K is identically zero and that UWh(π) = U ′ Wh(π) for π = π 1 (M 0 ). Then any manifold M 1 which is stably diffeomorphic to M 0 is homotopy equivalent to M 0 . Remark 1.5. In fact more is true. For example if M 0 is simply connected we may conclude that M 1 is h-cobordant to M 0 . We refer to Theorem 2.11 for a more general statement. Remark 1.6. The intersection form λ M0 | K has a quadratic refinement µ and if µ is identically zero then the above theorem follows easily from results in [Kre99] so the novelty lies in covering the case where µ is nonzero.
The structure of l 2q+1 (Z[π])
We start by giving the topological context for our algebraic results and quickly recall the modified surgery setting in which l 2q+1 (Z[π]) arises. For details we refer the reader to section 2 and [Kre99] [ §2].
Let B = γ : B → BO be a fibration where B has the homotopy type of a finite type CW -complex and let π = π 1 (B). We work in the category of B-manifolds (M,ν) which are compact, smooth manifolds M together with an equivalence class of mapsν : M → B which factors the stable normal bundle ν : M → BO up to homotopy. A B-manifold is called a (k − 1)-smoothing ifν is k-connected.
We consider the directed graph G 
Given quadratic forms v and v
′ of equal rank we define
to be the set of edges between fixed vertices in G Λ 2q . The algebraic analogue of the fact that edges of G B 2q occur only between stably diffeomorphic manifolds 1 That is, the rank of a free f.g. Λ-modules is well-defined. See also [Coh89] [Kre99] [ §6] proved that L 2q+1 (Λ) := l 2q+1 (0, 0) is the group of units of l 2q+1 (Λ) and that L s 2q+1 (Λ) can be identified with a subgroup of L 2q+1 (Λ) (see Remarks 3.13 and 3.15 for more details).
As a subgroup of the units L s 2q+1 (Λ) acts on l 2q+1 (Λ) and one easily sees that this action restricts to l 2q+1 (v, v ′ ) and that the orbits of this action are appropriate equivalence classes of embeddings of v = (V, θ) ֒→ (H, ψ) = H ǫ (Λ r ). The central idea of this paper is to use the theory of algebraic surgery to define a complete invariant of these embeddings.
Algebraic surgery allows us to treat an embedding j : v = (V, θ) ֒→ (H, ψ) = H ǫ (Λ k ) like an embedding of a co-dimension zero manifold with boundary into a closed manifold. Specifically, the quadratic forms v and v ⊥ have algebraic boundaries ∂v and ∂v ⊥ which are generalisations of boundary quadratic linking forms. The embedding j defines an isomorphism f j : ∂v ∼ = −∂v ′ such that H ǫ (Λ k ) ∼ = v ∪ fj −v ′ where we have glued v to −v ′ along f j , a procedure defined in algebraic surgery. Indeed for any f ∈ Iso(∂v, ∂v ′ ), the set of isomorphisms from ∂v to ∂v ′ , we may construct the nonsingular form κ(f ) := v ∪ f −v ′ and so obtain an embedding of v into κ(f ). Defining
where Aut(v) and Aut(v ′ ) are the groups of isometries of v and v ′ which act respectively by pre and post composition with the induced isometry of the boundary, one shows that two embeddings j 0 , j 1 : v → h are equivalent if and only if
we define a '0-stabilised boundary isomorphism set' sbIso(v, v ′ ) (see Definition 5.10) and a map
where f j : ∂v → ∂v ′ is induced by j : v = (V, θ) ֒→ (H, ψ). Not every form κ(f ) above is hyperbolic and indeed there is a further map
where L s 2q (Λ) is the usual even dimensional Wall group. The maps κ and δ and the action ρ of L s 2q+1 (Λ) on l 2q+1 (v, v ′ ) are related in our main theorem.
Theorem (Theorem 5.12). Let v and v ′ be ǫ-quadratic forms with v ∼ v ′ . There is an "exact" sequence of sets
by which we mean that the orbits of ρ are the fibres of δ and Im(δ) = κ −1 (0).
In the case where v = v ′ the set sbIso(v, v) =: sbAut(v) is the set of stable boundary automorphisms and contains 1, the equivalence class of the identity.
Theorem (Corollary 5.13). For every ǫ-quadratic form v there is an exact sequence L
where the orbits of the action ρ are precisely the fibres of δ and Im(δ) = κ −1 (0).
To discuss our main theorems we define
the set of edges in G Λ 2q leaving a given vertex [v] . Consider the problem of determining whether [x] ∈ l 2q+1 (v) is elementary: the theorems above reveals three obstacles. Firstly we must have
(1) must be taken into account. Up until now the role of b([x]) and the action of L s 2q+1 (Λ) have been understood and so our main achievement is to identify the role of the set sbAut(v) and more generally sbIso(v, v ′ ). We point out that these sets were already in the literature for l 1 (Z): on the algebraic side in [Nik79] and on the topological in explicitly in [Boy87] and implicitly in [Vog82] .
To apply Corollary 5.13 we wish to calculate the set sbAut(v). If v becomes nonsingular in some localisation of Λ then ∂v is a quadratic linking form and sbAut(v) is readily identified and often calculable (see Proposition 6.13 for a general statement). A simple but instructive example of this is the following: if Λ = Z and ǫ = +1, then for the quadratic form v = (Z, n) where n = p 1 . . . p k is a product of distinct odd primes, then sbAut([v]) ∼ = (Z/2) k−1 (see Example 6.16). More generally, we prove Theorem (Proposition 6.17). For each +-quadratic form v over Z the set l 1 (v) is finite but there are v for which
We also show that sbAut(v) is small if v is the sum or a linear and a simple form and if the torsion hypothesis of Thereom 1.4 holds. Here v = (V, θ) is linear if θ + θ * = 0 and simple if θ + θ * : V ∼ = V * is a simple isomorphism.
is the sum of a linear form (N, η) and simple form (M, ψ) and if UWh(Λ) = U ′ Wh(Λ) then L 2q+1 (Λ) acts transitively on l 2q+1 (v, v).
Algebraic cancellation
Given a 0-stabilised form [v] it is customary to say that cancellation holds for
. Generalising this, we say that strict cancellation holds for
The topological significance of strict cancellation is primarily the following: if [v(ν)] is the 0-stabilised form of a (q − 1)-smoothing (M,ν) in B q−1 (M ) and if strict cancellation holds for [v(ν)] then every manifold stably diffeomorphic to M is s-cobordant to M . We show that strict cancellation holds in a variety of algebraic circumstances. In order of increasing complexity the result are as follows.
Theorem (Corollary 6.5). Let Λ be a field of a characteristic different from 2 or let Λ = Z/2Z. Then all elements of l 2q+1 (Λ) are elementary.
Theorem (Proposition 6.20). Every element of l 3 (Z) is elementary. Now let rk(V ) denote the rank of the free abelian group V , let G be a finite abelian group, let l(G) denote the minimal number of generators of G, and l p (G) = l(G p ) where G p is the p-primary component of G, p a prime. The first two parts of the next theorem are translations of results from [Nik79] .
Theorem (Proposition 6.18). Let v = (V, θ) be a nondegenerate quadratic form and let (G, φ) be the associated symmetric boundary (Definition 6.9). Then strict cancellation holds for v if any of the following conditions hold.
i) The symmetric form (V, θ + θ * ) is indefinite and satisfies (a) rk(V ) ≥ l p (G) + 2 for all primes p = 2, (b) if rk(V ) = l 2 (G) then the symmetric boundary associated to Z 2 , ( 0 2 0 0 ) is a summand of the 2-primary component of (G, φ).
ii) The symmetric form (V, θ +θ * ) is isomorphic to one of the classical lattices
iii) The quadratic form v is isomorphic to (Z, p) for any prime p.
We next consider group rings Z[π] for polycyclic-by-finite groups π. Recall h ′ (π, q) from Theorem 1.1.
Theorem (Corollary 7.10). Let Λ = Z[π] be the group ring of a polycyclicby-finite group π and let [v] be a 0-stabilised form. 
The Grothendieck group of l 2q+1 (Λ)
Our aim in this paper has not been to compute the monoid l 2q+1 (Λ) but to understand the subsets l 2q+1 (v, v ′ ). However, a key stabilization property of l 2q+1 (Λ) allows us to compute its Grothendieck group.
Recall that Wall's original definition of L s 2q+1 (Λ) was by isometries of hyperbolic forms and that any isometry α : (H, ψ) ∼ = (H, ψ) defines the element
Theorem (Lemma 5.15 and Corollary 5.16). Let 
Combining this result and the key Proposition 4.7 we prove 
The remainder of the paper is organised as follows: in section 2 we review the application of the surgery obstruction monoids l 2q+1 (Z[π]) to the cancellation problem and prove our topological results. In section 3 we begin the algebra: we recall the [Kre99] definition of l 2q+1 (Λ) and give an equivalent but slightly more flexible definition closer to the spirit of algebraic surgery. In section 4 we elaborate some results from algebraic surgery on the gluing and splitting of ǫ-quadratic forms. In section 5 we apply the ideas from section 4 to prove our main theorems. In section 6 we apply the main theorem in certain situations: we consider l 2q+1 (v, v) when v is the sum of a simple and a linear forms, we show how the bAut-sets and sbIso-sets can often be calculated using automorphisms of linking forms and we calculate l 2q+1 (Z). In section 7 we consider strict cancellation when Λ has finite asymptotic stable rank: e.g. Λ = Z[π] and π is a polycyclic by finite group.
Stably diffeomorphic manifolds
The cancellation problem and the study of stable diffeomorphisms and stably diffeomorphic manifolds has a rich history which we shall not attempt to summarise here but the highlights include [Wal64, CS71, Tei92, HK93] . Instead we shall focus on the modified surgery setting of [Kre99] where the monoids l 2q+1 (Z[π]) play a key role. This section has two subsections. In the first subsection we give the proofs of all of the topological results from the introduction assuming the algebraic results on l 2q+1 (Z[π]) to which the remaining sections of the paper are devoted. We also prove the useful Lemma 2.2 which extends the scope of results in [Kre99] . In the first subsection we assume that we are not in dimensions 6 and 14. In the second subsection we make some short remarks about dimensions 6 and 14 and the monoids l 2q+1 (Z[π]) which are needed there.
The proofs of topological applications
We work in the category of compact, smooth manifolds but appropriate translations of our statements continue to hold for any category, dimension and fundamental group where one can do surgery. Let BO be the classifying space for stable real vector bundles. We let B denote γ : B → BO, a fibration whose domain is a CW -complex of finite type with fundamental group π 1 (B) = π.
A compact manifold M embedded in a high dimensional Euclidean space has a stable normal bundle classified by a map ν : M → BO. A B-manifold (M,ν) is a manifold M together with an appropriate equivalence class of lift of its the stable normal bundle through γ: 
Sometimes we shall write simply (W,ν) for (W,ν; M 0 , M 1 , f ).
The relevance of modified surgery problems for the cancellation problem is made clear in the following lemma. Moreover, in the case that (i) and (ii) hold then each stable diffeomorphism
[Theorem 2] states in part that M 0 and M 1 are stably diffeomorphic. In the other direction, given a diffeomorphism h :
we can build a bordism from M 0 to zero M 1 as follows. Let i = 0 or 1 and let
) be the trace of k trivial surgeries on trivially embedded (q − 1)-spheres in the interior of M i where the boundary connected sums all take place in M i × {1}. The boundary of W i consists of codimension 0 submanifolds:
We must now put a B-structure,ν : W → B, on W such thatν| M0 =ν 0 and this is easy on W 0 : just extendν 0 trivially over the trace of the trivial surgeries to obtain B-manifolds (W 0 ,ν 2 ) and (∂W 
and we obtain an single obstruction to extending the lift ν
where F is the fibre of B → BO. But by the definition of B = B q−1 (M ), π q (F ) = 0, the obstruction vanishes and there is a unique, B structure (W,ν) extending (W 0 ,ν 2 ) to all of W . We defineν 1 : M 1 → B to be the restriction ofν to M 1 ⊂ ∂W ⊂ W .
We must show that (M 1 ,ν 1 ) is a (q − 1)-smoothing in B. By construction (W,ν) is a (q − 1)-smoothing and W is homotopy equivalent to (
whereν is homotopically trivial when restricted to ∨ k S q and sō
To finish the proof, we define Θ(h,
The following fundamental theorem of Kreck identifies the key role of the monoids l 2q+1 (Z[π]) for the cancellation problem. It is customary to say that cancellation holds for M 0 if every manifold stably diffeomorphic to M 0 is diffeomorphic to M 0 . In the light of Lemma 2.2 we make the following Definition 2.4. Let (M 0 ,ν 0 ) be a (q − 1)-smoothing in B. We say that strict cancellation holds for (M 0 ,ν 0 ) if every modified surgery problem over B is bordant rel. boundary to an s-cobordism. We say that strict cancellation holds for M 0 if it holds for every (q − 1)-smoothing of (M 0 ,ν 0 ) in B q−1 (M 0 ).
We next identify a key invariant of a (q−1)-smoothing (M,ν) in B which will allow us to show that strict cancellation holds for many classes of manifolds. As is explained in [Kre99] [ §5] subtle but by now standard surgery techniques define a quadratic form on the Z[π]-module Ker(ν : π q (M ) → π q (B)). This form can be pulled back along the Hurewicz homomorphism to a quadratic form, µ(ν), defined on the finitely generated Z[π]-module Ker(H q (M ) → H q (B)) where the homology is understood to be twisted with coefficient in Z[π]. The symmetric bilinear form associated to µ(ν) is the restriction of the usual equivariant intersection form
) be a surjective homomorphism with V a finitely generated free based Z[π]-module and let θ := j * µ(ν) be the quadratic form which µ(ν) induces on V via j. Kreck [Kre99] shows that this gives rise to a well-defined zero-stabilised form [V, θ]. Proof. We recall some further facts from the [Kre99] analysis of (2q+1)-dimensional modified surgery problems (W,ν; M 0 , M 1 , f ) over a general B. After surgery below the middle dimension on the interior of (W,ν) we may assume thatν is a qequivalence. Let U be the union of k disjoint embeddings S q ×D q+1 ֒→ W representing a set of generators for Im(d :
Moreover, the induced form (V, θ) and the induced form on the annihilator of V , (V ⊥ , θ ⊥ ), are related to the zero-stable forms of (M 0 ,ν 0 ) and (M 1 ,ν 1 ) via
Assume now that M 0 = M and that B = B q−1 (M ). We have that the surgery obstruction Θ(W,ν), is represented by a quasi-formation (H ǫ (L); L, V ) where
and so satisfies strict algebraic cancellation by Remark 2.6. By definition, this means that Θ(W,ν) is elementary and by Theorem 2.3 we conclude that (W,ν; M 0 , M 1 , f ) is bordant rel. boundary to an s-cobordism.
We now prove our main topological results. Recall h ′ (π, q) from Theorem 1.1.
Corollary 2.8. Let M be a compact, connected, smooth 2q-dimensional manifold with polycyclic-by-finite fundamental group π. Assume that either of the following hold:
ii) q is even, M is simply connected and admits a (q − 1)-smoothingμ : We next turn to the proof of Theorem 1.3 and the representation of bordism classes by mapping tori. Recall that every fibration B defines bordism groups Ω n (B) of closed B-manifolds up to B-bordism.
Theorem 2.10. Suppose that strict cancellation holds for (M 0 ,ν 0 ), a closed, 2q-dimensional, (q − 1)-smoothing in B. Then every element of Ω 2q+1 (B) is represented by some B-structure on the mapping torus of some B-diffeomorphism of (M 0 ,ν 0 ).
is a modified surgery problem and so by assumption there is a B-bordism rel.
Theorem 1.3 now follows by combining Theorem 2.10 and Corollary 2.8 (i). Finally we move from cancellation up to diffeomorphism to cancellation up to homotopy. We first require some preliminary remarks: the group of units of
by a subgroup of the Whitehead group of π. Assuming that q ≥ 3 or that q = 2, π is good and we are in the topological category, the group L 2q+1 (Z[π]) acts on s-cobordism classes of manifolds homotopy equivalent to a fixed 2q-dimensional manifold M . To prove this one only observes that it is no harder to realise a general formation by a bordism than a simple formation. Recall also that a form n is linear if its symmetrisation is zero and that a form w is nonsingular if its symmetrisation is a simple isomorphism.
where n is linear and w is simple. Assume further that UWh(π) = U ′ Wh(π) for
is elementary. In particular, M 0 is homotopy equivalent to M 1 .
Proof. By assumption b(Θ(W,ν)) ∈ l 2q+1 (n+w, n+w) and so we apply Proposi-
is elementary and thus is bordant to an s-cobordism between M 0 and M 2 . But by construction, M 2 is homotopic to M 1 . Now let M 0 satisfy the hypotheses of Theorem 1.4. It follows for any (q − 1)-
the first equality holds since [v(ν 0 )] is linear and the second by definition. Now Theorem 1.4 follows from Theorem 2.11.
Dimensions 6 and 14 and l 2q+1 (Z[π])
In dimensions 6 and 14, when q = 3 or 7, Theorem 2.3 only holds if the (q + 1)th Stiefel-Whitney class of B, w q+1 (B), evaluates trivially on π q+1 (B). If w q+1 , π q+1 (B) = 0 then one must instead use slightly altered monoids l 2q+1 (Λ). This is due to the fact that the tangent bundles of S 3 and S 7 are trivial and that the context of modified surgery imposes weaker framing conditions than classical surgery. We briefly explain the algebraic changes which arise. For l 2q+1 (Z[π]) we work with quasi formations (H, ψ; L, V ). The quadratic form (H, ψ) is equivalent to a classical quadratic form (H, φ, ν) where ν takes values in
The technical aspects involved in formulating appropriate analogues of the results in this paper for l 2q+1 (Z[π]) will be routine but painstaking. We conjecture that appropriate analogues of all our results for l 2q+1 (Z[π]) continue to hold for l 2q+1 (Z[π]) and that the same is true for our topological results. In particular, we conjecture that Theorems 1.1, 1.3 and 1.4 also hold when q = 3 or 7.
Finally, we point out that w q+1 , π q+1 (B q−1 (M )) = 0 for any manifold M when q = 3 or 7 and that Lemma 2.2 continues to hold for q = 3, 7 so long as one takes
3 Forms, quasi-formations and l 2q+1 (Λ)
Let q be a positive integer, ǫ = (−1) q and Λ a weakly finite unital ring with an involution x −→x. Important examples are the group rings
Based modules and simple isomorphisms
The following definition reminds the reader of some basic concepts from the theory of Whitehead torsion which can be found e.g. in [Mil66] 
ii) Let M be a stably f.g. free left module M over Λ i.e. a f.g. left module
′ ) such that the transformation matrix in regard to the bases {b 1 , . . . , b r+m , e m+1 , . . . , e k } and {b iv
and
′ an isomorphism of the underlying Λ-modules. Let A ∈ M n (Λ) be the matrix of f ⊕ id in respect to some s-bases of cardinality n representing B and
is an exact sequence of the respective modules for which there is a homomorphism s : P → N such that p • s = id P and i s :
i) In the following we will no longer mention the s-bases explicitly in the notation of based modules and we will fix Z, defining Wh(Λ) = K 1 (Λ)/Z. For group rings Λ = Z[π] we shall use Z = {±g|g ∈ π} and so Wh(Λ) = Wh(π) is the usual Whitehead group.
ii) Let (M, B) and (P, D) be based modules and let N be a stably f.g. free module such that
is an exact sequence. There is exactly one equivalence class of s-bases of N such that this sequence is based.
iii) The canonical isomorphism
Forms
In this subsection we recall definitions for ǫ-quadratic forms and the even dimension L-groups as well as introducing the notions "zero stable forms".
Definition 3.3. Let M be a based module.
i) The ǫ-duality involution map
leads to the abelian groups
ii) The hyperquadratic groups Q −ǫ (M ) are defined via the exact sequence
* is injective, nonsingular if φ is an isomorphism and simple if φ is a simple isomorphism.
v) An ǫ-quadratic form (M, ψ) is a pair with ψ ∈ Q ǫ (M ). Its symmetrisation is the ǫ-symmetric form (M, (1+T ǫ )ψ). The form (M, ψ) is nondegenerate, nonsingular or simple if its symmetrisation has this property. It is linear if its symmetrisation is the zero form.
vii) The annihilator of a submodule j :
that is both a direct summand and a based module such that L = L ⊥ (as unbased modules) and j
is a based exact sequence where
. Unless stated otherwise, we shall assume that all isometries f are simple and we denote the group of simple self-isometries of (M, ψ) by Aut(M, ψ).
Remark 3.4. The hyperquadratic groups have exponent 2 and satisfy the equality
for two based modules M and N .
Definition 3.5. i) For any based module L the hyperbolic ǫ-quadratic and ǫ-symmetric forms are defined as follows
If the rank of L is one, these forms are call hyperbolic planes.
iii) The stable isometry classes of nonsingular ǫ-quadratic forms form a group under direct sum with 
v) We let F zs 2q (Λ) denote the abelian monoid of 0-stabilised ǫ-quadratic forms with addition induced by the direct sum of ǫ-quadratic forms and unit [P, 0] for any module P . Remark 3.6.
i) An ǫ-quadratic form (M, ψ) defines an ǫ-quadratic form (M, φ, ν) in the classical sense where φ is the symmetrisation of ψ and ν : M → Q ǫ (Λ) is the quadratic refinement given by ν(x) := ψ(x, x). Conversely, every ǫ-quadratic form (M, φ, ν) in the classical sense gives rise to an ǫ-quadratic
Lemma 3.7. Let (M, ψ) be a simple ǫ-quadratic form and let j : L ֒→ M be the inclusion of a simple Lagrangian.
Proof. Let φ = (1 + T ǫ )ψ be the symmetrisation of ψ and let σ :
Then we have the isometry
The original definition of l 2q+1 (Λ)
We first recall Wall's original definition of the odd-dimensional simple L-groups
be the subgroup of those isometries preserving the Lagrangian Λ k × {0} and inducing a simple automorphism on it. Finally, we define RU k (Λ, ǫ) to be the subgroup generated by T U k (Λ) and the flip map σ k := ( 0 1 ǫ 0 ) ⊕ id Hǫ(Λ k−1 ) . The quotient of the limit groups SU (Λ, ǫ) = lim k→∞ SU k (Λ, ǫ) and
In [Kre99] , l 2q+1 (Λ) is defined as the set of equivalence classes of pairs (H ǫ (Λ k ), V ) for k ∈ N where V ⊂ Λ 2k is a based free direct summand of rank k. The equivalence relation is given by stabilisation with trivial pairs
The orthogonal sum of pairs induces an abelian monoid structure on l 2q+1 (Λ) with group of units L 2q+1 (Λ), the submonoid of equivalence classes of pairs where the form induced on V is zero.
A pair ( 
We now give an alternative description of l 2q+1 (Λ) in terms of generalised formations which we shall call quasi-formations. For l 2q+1 (Λ) one has to be careful about the equivalence relation for quasi-formations because the extensions of the two possibilities above are not the same (Remark 3.17). We note that there is a related earlier approach of defining l 2q+1 (Λ) via quasi-formations in the unpublished preprint [Kre85] .
is a simple ǫ-quadratic form (M, ψ) together with a simple Lagrangian L and a based half rank direct summand V .
3 If in addition V is a simple Lagrangian the formation is called simple.
iv) A trivial formation is a ǫ-quadratic formation (P, P * ) := (H ǫ (P ); P, P * ) for some based module P .
v) The boundary of an asymmetric form
An ǫ-quadratic quasi-formation is elementary if it is isomorphic to a boundary. vi) Two ǫ-quadratic quasi-formations are stably isomorphic if they are isomorphic after the addition of trivial formations. Similarly one can define ǫ-symmetric quasi-formations, etc. Definition 3.9.
i) Let l new 2q+1 (Λ) be the unital abelian monoid of stable isomorphism classes of ǫ-quadratic quasi-formations modulo the relation
where K and L both are simple Lagrangians. The unit 0 ∈ l new 2q+1 (Λ) is the equivalence class of all trivial formations. For an ǫ-quadratic quasi- i) Any ǫ-quadratic quasi-formation is isomorphic to an ǫ-quadratic quasi-formation of the type (H ǫ (F ); F, V ).
ii) Let (M, ψ; L, V ) be an ǫ-quadratic quasi-formation then there is a welldefined unique s-basis of V ⊥ such that the short exact sequence
is based. Here φ = (1 + T ǫ )ψ and j : V ֒→ M is the inclusion. 
Proof. For any
Hence, we need to show that x ∈ l There is an isomorphism of monoids
Proof. We first show that η is a well-defined map i.e. it is invariant under the equivalence relations used to define
It is clear that η is a monoid map so we complete the proof by constructing an inverse homomorphism ν :
(Λ) but in order to do so we must show that this definition is independent of the various equivalence relations. Firstly, a different choice of α changes (H, V ) only by an action of an element in T U k (Λ, ǫ). Secondly, two isomorphic quasi-formations are mapped to two pairs differing again by an element of T U k (Λ, ǫ). Thirdly, trivial quasi-formations are mapped to trivial pairs.
At last, we have to show that ν is invariant under the relation (1). Let (M, ψ; K, L) be a simple ǫ-quadratic formation and (M, ψ; L, V ) an ǫ-quadratic quasi-formation. Let α, α ′ : (M, ψ)
and such that the induced isomorphisms between the respective Lagrangians are simple. Then φ := αα Remark 3.14. It is easy to check that there is a well-defined monoid automorphism is not always injective as we now show. Let Λ = Z, ǫ = 1 and (K, λ) = (Z, 2). We define the ǫ-quadratic formations
. However, if x and x ′ were cobordant there would be skew-symmetric forms (N, φ) and (N ′ , φ ′ ) and modules P and
Since (N, φ) and (N ′ , φ ′ ) are skew-symmetric forms there are finite abelian groups T and T ′ and n, m ∈ N such that cok φ = T ⊕ T ⊕ Z n and cok
This is a contradiction.
Glueing quadratic forms together
The main theorem of this paper calculates subsets of l 2q+1 (Λ) using isomorphisms between the boundaries of ǫ-quadratic forms. This section introduces the notions of boundaries and unions of possibly singular forms. If Λ = Z and the cokernel of a form is finite one can define a linking form on this cokernel which is often described as the boundary of the form (subsection 6.2 or [Ran81] [ §3.4]). In general, the boundary of an ǫ-quadratic form is a refined version of a formation: a split ǫ-quadratic formation. If, for two (possibly singular) ǫ-quadratic forms (V, θ) and (
between their boundaries, one can glue the forms together. The result is a nonsingular ǫ-quadratic form (V,
Formations and boundaries of forms
We review some concepts from [Ran81] [p.69ff and p.86ff].
ii) For a module P , the trivial split ǫ-quadratic formation on P is defined to be (P, P * ) := (P, (( 0 1 ) , 0) P * ).
iii) The boundary of an ǫ-quadratic form (K, ψ) is the simple split (−ǫ)-quadratic formation ∂(K, ψ) = K,
is a triple consisting of simple isomorphisms α ∈ Hom Λ (F, F ′ ), β ∈ Hom Λ (G, G ′ ) and an element ν ∈ Q −ǫ (F * ) such that:
v) The boundary of an isometry h : (M, ψ)
vi) The composition of two isomorphisms of simple split ǫ-quadratic formations is (α
The identity on a split ǫ-quadratic formation x is the isomorphism (1, 1, 0) . vii) A homotopy of isomorphisms of simple split ǫ-quadratic formations
viii) A stable isomorphism of two simple split ǫ-quadratic formations y and z is an isomorphism y ⊕ (P,
be two isomorphisms of simple split ǫ-quadratic formations where u i and v i are isomorphic to trivial formations. Then f 0 and f 1 are stably homotopic if there are based modules P , Q and R i as well as isomorphisms g i : (P, P * )
such that there is a homotopy
where
). x) Let y and z be simple split ǫ-quadratic formations. We denote the set of stable homotopy classes of stable isomorphisms from y to z by Iso(y, z) and remark that Aut(y) := Iso(y, y) forms a group under composition.
We will see the importance of homotopies in the next section since the isometry class of an ǫ-quadratic formation obtained by gluing two forms together with an isomorphism of their boundary formations depends only on the homotopy class of the isomorphism. (Proposition 4.6).
Remark 4.2. [Ran01] [ §6] and [Ran80] [ §3] explain how an ǫ-quadratic formation gives rise to a short odd complex i.e. a chain complex d : C q+1 → C q together with an ǫ-quadratic structure ψ ∈ Q ǫ (C). A (stable) isomorphism of ǫ-quadratic formations corresponds to a chain isomorphism (chain equivalence) of the associated short odd complexes. Stable homotopies of stable isomorphisms of ǫ-quadratic formations correspond to chain homotopies of the respective chain equivalences.
The following technical lemmas give a better description of stable isomorphisms between boundary formations and the conditions under which such isomorphisms are homotopic.
Lemma 4.3. Let (V, θ) and (V ′ , θ ′ ) be ǫ-quadratic forms and let λ = θ + ǫθ * and λ ′ = θ ′ + ǫθ ′ * be the underlying ǫ-symmetric forms.
i) Let P and P ′ be modules and α :
is
ii) Two stable isomorphisms
are homotopic if and only if there is a
where we use the notation of (2).
Proof.
i) This follows straight from the definition.
ii) W.l.o.g. P = Q and P ′ = Q ′ . Then use the homotopy
ii) Let (α, β, ν) : (P, P * ) ∼ = −→ (P, P * ) be an isomorphism of trivial formations. Then ∆ = 1 − α is a homotopy to the identity (1, 1, 0). 
The union and splitting of forms
be an isomorphism. Using the notation of Lemma 4.3 (2), we define the union of (V, θ) and (V ′ , θ
ii) Let (V, λ) and (V ′ , λ ′ ) be two ǫ-symmetric forms and f = (α, β, σ) :
The following Lemma lists the basic properties of the glueing construction.
Lemma 4.6. Let (M, ψ) = (V, θ) ∪ f (V ′ , θ ′ ) as in Definition 4.5 and let (M, φ) be its symmetrisation.
i) There is an exact sequence 0
ii) The form (M, ψ) is simple.
iii) Let f be a stable isomorphism ∂(V, θ) ∼ = ∂(V ′ , −θ ′ ) which is stably homotopic to f , then the respective unions are isometric relative to (V, θ).
Proof. i) By Lemma 4.3, j ′ * φ = 0 1 .
which shows that φ : M → M * is an isomorphism. In order to show that it is simple we consider three chain maps h : C → C ′ , g : D → C and f : E → D of based chain complexes given by
Obviously h and f are chain isomorphisms with torsions τ (h) = τ (α) − τ (β − * ) = 0 and τ (f ) = −τ (φ) and g is a simple equivalence.
There is a chain homotopy ∆ :
This shows that
there is an isometry
Proposition 4.7. Let (V, θ) and (V ′ , θ ′ ) be ǫ-quadratic forms and let f : ∂(V, θ)⊕
such that ∂h is stably homotopic to f .
Proof. Using the notation of Lemma 4.3 we define the isometry
The isomorphism h is simple because it is the composition of triangular matrices with only ones in the diagonal and permutation matrices. By Lemma 4.4 (i) there are natural isomorphisms g : ∂(M, ψ)
The facts contained in the following proposition are mentioned without proof in [Ran81] [p.86] but since an explicit description of the maps occurring in the proposition plays a crucial role in our results we give a detailed proof.
Proposition 4.8. Let (M, ψ) be a simple ǫ-quadratic form with φ = (1 + T ǫ )ψ. Let j : (V, θ) ֒→ (M, ψ) be a split inclusion of ǫ-quadratic forms. Let (V ⊥ , θ ⊥ ) be the induced quadratic form. Then there is a stable isomorphism f j between the boundaries of (V, θ) and (V ⊥ , −θ ⊥ ) and an isometry
Moreover, the isomorphism f j is well-defined up to homotopy and f j and r j are natural with respect to isometries of such pairs of forms.
Proof. Let λ = θ + ǫθ * and λ
is obviously simple and even an isometry h :
. We write φ ′ = ψ ′ + ǫψ ′ * . Using Lemma 4.4 we obtain an isomorphism
is an isometry. Now we analyze the effect of different choices of σ and ψ on f j . Let σ be another section and ψ another representative of [ψ] ∈ Q ǫ (M ). There are homomorphisms l ∈ Hom Λ ((V ⊥ ) * , V ) and κ ∈ Hom Λ (M, M * ) such that σ −σ = jl and ψ − ψ = κ − ǫκ * . We construct an isometry h and a stable isomorphism f j using σ and ψ as before. Then there is a homotopy
At last, we discuss naturality. Let g : (M, ψ)
be an isometry and letV = g(j(V )). Letθ be the induced quadratic form onV , etc. Choose the sectionσ = gσg * . Constructh,f , etc. as before. Then
It is easy to see that
Putting these facts together we havē
Example 4.9. Let z = (M, ψ; K, L) be a possibly non-simple ǫ-quadratic formation. We would like to compute f j associated to the inclusion of the lagrangian j : L ֒→ (M, ψ). Similarly to the proof of Lemma 3.7 we can assume that there is a possibly non-simple isomorphism g :
. Therefore j = ( 1 0 ),
, σ = ( 0 1 ) and h = By Lemma 4.3 f j is stably homotopic to the stable isomorphism
In particular, if z is simple, we can choose g = id V * and therefore f j is stably homotopic to the boundary of the identity id V ∈ Aut(V, 0).
be the boundary of an asymmetric form (K, ρ). Using the notation of the proof of Proposition 4.8 with
The isometry h from Proposition 4.8 is
where (K, θ) is the ǫ-quadratic form with θ = [ρ] ∈ Q ǫ (K). There is a homotopy
and therefore the stable isomorphism f j is homotopic to ∂(− id K ).
The structure of l 2q+1 (Λ)
In this section we prove our main theorem about the structure of l 2q+1 (Λ).
The map
Definition 5.1. Let x = (M, ψ; F, V ) be an ǫ-quadratic quasi-formation. Let j : V ֒→ M and j ⊥ : V ⊥ ֒→ M be the inclusions of V and its annihilator. The boundaries of x are the induced ǫ-quadratic forms (V, θ) and (V ⊥ , −θ ⊥ ) where θ = j * ψj and θ ⊥ = (j ⊥ ) * ψ(j ⊥ ) and V ⊥ is s-based as in Remark 3.10 (iii). 
The following proposition records the basic properties of the boundaries of quasi-formations.
Proposition 5.3. Let x = (M, ψ; F, V ) and
i) Follows from Propositions 4.8 and 4.7.
ii) This statement follows from the fact that an isomorphism of quasi-formations induces isometries of its boundary forms and that the boundaries of ǫ-quadratic formations are zero forms.
iii) By definition x is isometric to the boundary of an asymmetric form (K, ρ).
The second equality follows from the decomposition M ∼ = V ⊕ V ⊥ in Proposition 3.9.
An immediate consequence of (ii) above is that there is a unital monoid map
We record the essential properties of b in the following 
Proof. i) One inclusion follows from Proposition 5.3 (i). So let (W, σ) and (W
′ , σ ′ ) be ǫ-quadratic forms and let Q be a based module such that there exists an isometry
Applying Lemma 4.6 iv) we see that the form
is isometric to the trivial double and hence hyperbolic. The boundary of H ǫ (Q) is trivial and so ∂h is stably homotopic to some stable isomorphism f between ∂(W, σ) and
Now consider the ǫ-quadratic quasi-formation x := (M, ψ; L, j(W )⊕Q⊕Q) where j is the map from Lemma 4.6 and L is some arbitrary Lagrangian.
ii) By Proposition 5.3 iii) and by Example 4.10,
That is, there are based modules X and X ′ and an isometry
. This isometry induces an isomorphism
Adding trivial formations and the relation (1) shows 
possibly with a different basis but that does not concern us). Hence (V, θ) is a zero form if and only if (V
⊥ , −θ ⊥ ) is a zero form. It is now a matter of definition that L 2q+1 (Λ) = b −1 (([0], [0])).
Boundary isomorphisms
Recall for quadratic forms v and v ′ of the same rank we write
which is the focal point of our main theorem. Recall also that a quadratic form w has a boundary ∂w which is a split formation and that Iso(∂v, ∂v ′ ) denotes the set of homotopy classes of stable isomorphisms from ∂v to ∂v 0) ). In this subsection we gather the results from sections 3 and 4 to calculate l 2q+1 (v, v ′ ) in terms of the classical L-groups and an appropriate elaboration of Iso(∂v, ∂v ′ ).
Definition 5.6. Given ǫ-quadratic forms (V, θ) and (V ′ , θ ′ ) we define the boundary isomorphism set bIso((V, θ), (V ′ , θ ′ )) to be the set of orbits of the group action
we define bAut(V, θ) := bIso((V, θ), (V, θ)) and let 1 ∈ bAut(V, θ) be the orbit containing the isomorphism ∂ id (V ′ ,0) = (id V , id V , 0).
Evidently this identification is independent of the isometries chosen. We shall often make this sort of identification without comment.
Definition 5.8. For an ǫ-quadratic quasi-formation x = (M, ψ; L, V ) let δ(x) ∈ bIso((V, θ), (V ⊥ , −θ ⊥ )) be the homotopy class of the stable isomorphism f j defined in Proposition 4.8. We note that δ(x) does not depend upon L. ii) If x is a simple ǫ-quadratic formation then by Example 4.9 δ(x) = 1 ∈ bAut(V, θ).
iii) If y = x ⊕ δ(M, ρ) where ρ represents ψ then by Proposition 4.7 δ(y) = 1 ∈ bAut((V, θ) ⊕ (M, ψ)).
As elements of l 2q+1 (Λ) are stable equivalence classes of ǫ-quadratic quasiformations, we need to stabilise the boundary isomorphism set in order to convert δ(x) into an invariant of [x] ∈ l 2q+1 (Λ). For any based module Q we have the stabilisation map
We use this map and the analogous map for v ′ in the definition of the stabilisation map
The set of all based modules (Λ k , B) with the relation ≤ is a directed poset (Definition 3.1). In that way the maps s (Λ k ,B) define a directed system of sets which leads to the following definition.
Definition 5.10. Let v ∼ v ′ be ǫ-quadratic forms.
i) The stable boundary isomorphism set is
ii) When v = v ′ we have the stable boundary automorphism set
iii) There is an obvious stabilisation map
Lemma 5.11. For any based module Q the stabilisation map
Proof. Let f be an automorphism of ∂v ⊕ (P, P * ) such that f ⊕ ∂ id Q = 1 ∈ bAut(v ⊕ (Q, 0) ). After possibly enlarging P there is an isometry G of v ⊕ (Q, 0) and a homotopy
The definition of homotopy shows, firstly, that
(where G V is an isometry of w) and that, secondly, ∆ induces a stable homotopy between f and ∂G V .
We next describe the maps which allow us to compute l 2q+1 (v, v ′ ). Firstly, abusing notation, we write
. Secondly there is the map
which is defined as follows. Given 
We now show that δ is well-defined. By Remark 5.7, different choices of l and k don't effect δ([x]). The construction of f j is well-defined up to homotopy. By the naturality of Proposition 4.8 (in particular equation (3) from the proof) an isomorphism of ǫ-quadratic quasi-formations doesn't change δ([x]) either. Lastly, we have to analyse the effect of adding trivial formations and the relation (1). Since δ(x ⊕ x ′ ) = δ(x) ⊕ δ(x ′ ) and by Example 5.9[ii] δ(x ′ ) = 1 for any simple formation x ′ we see that adding simple formations, and in particular trivial formations, does not alter δ([x]). As we remarked above, the definition of δ(x) does not depend upon the Lagrangian in the quasi-formation x and so δ is invariant under the relation (1) which only alters Lagrangians.
We turn to the preliminaries required to determine the image of δ. Gluing quadratic forms together defines a map
. Stabilisation of f with the identity on another zero form will only add a hyperbolic form to κ(f ). Hence κ extends to a well-defined map κ :
Theorem 5.12. Let v ∼ v ′ be ǫ-quadratic forms with v ∼ v ′ . There is an "exact" sequence of sets
The case v = v ′ is of particular interest. By combining Theorem 5.12 and Example 4.10 we obtain the following Corollary 5.13. For any ǫ-quadratic form v there is an exact sequence Corollary 5.14.
Proof. Follows from Lemma 5.11, Proposition 5.3 and Corollary 5.13.
Proof of Theorem 5.12. By definition δ is invariant under the action of
and [x ′ ] and let f j and f j ′ be the associated boundary isomorphisms for the embeddings j : (V, θ) ֒→ (M, ψ) and
implies that there are modules P and
Lemmas 4.6 and 4.8 yield the following commutative diagram.
The composition of the right hand isometries yields an isomorphism 
is stably hyperbolic i.e. there are based modules P and
The Grothendieck group of l 2q+1 (Λ)
In this subsection we prove that for every
is elementary (see Definiton 5.5). This is an algebraic analogue of [Kre99] [Theorem 2] that can also be used to find an alternative proof of that theorem.
We begin with a Lemma about the action of L (H ǫ (F ) ). Every simple ǫ-quadratic formation can be represented in this manner up to isometry.
Lemma 5.15. Let [x] ∈ l 2q+1 (Λ) be represented by x = (H ǫ (F ); F, W ) and suppose that an isometry α ∈ Aut(H ǫ (F )) restricts to an isometry of W . Then
Proof. Such an isometry α is also an isomorphism Proof. There is a decomposition (M, 
is elementary. Now z can be chosen to be of the form (H ǫ (F ); F, G) and by Corollary 5. 
Calculations in special cases
In this we calculate sbAut(v) and sbIso(v, v ′ ) in special situations. The first subsection concerns sbAut(v) when v is the sum on linear and simple forms. In the next subsection we compute sbIso(v, v ′ ) when v and v ′ become nonsingular after localisation. In this case ∂v and ∂v are quadratic linking forms. In the final subsection we compute l 2q+1 (Z).
On l 2q+1 (v, v) for linear and simple quadratic forms
Recall that an ǫ-quadratic form v = (V, θ) is linear if θ + ǫθ * = 0 and simple if θ + ǫθ * : V → V * is a simple isomorphism. Prior to our first definition, we warn the reader that torsions and in particular torsions of non-simple isometries will play a key role in this subsection and thus, isomorphisms and isometries are not assumed to be simple in this subsection.
Definition 6.1. Give an ǫ-quadratic form (V, θ), let Aut h (V, θ) be the group of all isometries of (V, θ), simple or not. Let
and let UWh(Λ) ⊂ Z 1 (Wh(Λ)) be the subgroup of all torsions τ (h) ∈ Wh(Λ) where h ∈ Aut h (H ǫ (L)) for some hyperbolic form.
We begin with the trivial case.
, the exact sequence of Corollary 5.13 for v, extends and improves the sequence of Remark 3.15 and also maps onto a fragment of the Ranicki-Rothenberg sequence:
} and L 2q+1 (Λ) maps onto the unbased odd-dimensional surgery obstruction group L h 2q+1 (Λ) (see [Ran73] ). Moreover, the image of δ is UWh(Λ) so there is a short exact se-
Proof. Using the definitions and Lemma 4.3 one sees that there is an isomorphism
where GL(N ) is the group of all isomorphisms N ∼ = N , simple or not. Since Aut(N, 0) = {h ∈ GL(N )|[h] = 0 ∈ Wh(Λ)} we obtain after stabilisation that sbAut(N, 0) ∼ = Z 1 (Wh(Λ)). The map onto the Ranicki-Rothenberg sequence follows from the definitions. Finally, the identification of the image of δ comes from the fact that L 2q+1 (Λ) ∼ = U (Λ, ǫ)/RU (Λ, ǫ) where U (Λ, ǫ), the stable unitary group, is defined just as SU (Λ, ǫ) in subsection 3.3 minus the requirement that isometries need be simple.
Now let U
′ Wh(Λ) ⊂ Z 1 (Wh(Λ)) be the subgroup of all torsions τ (h) ∈ Wh(Λ) where h ∈ Aut h (H ǫ (L)) for some symmetric hyperbolic form. The main result of this subsection is the following Lemma 6.4. Let (N, η) be a linear form and (M, ψ) a simple form. Then
is surjective and injective on the fibres of δ
Proof. The surjectivity of i follows immediately from the fact that ∂(M, ψ) is trivial. For the injectivity of i, let f and f ′ be two stable automorphisms of ∂((N, η) ⊕ (Q, 0)) representing elements [f ] and [f ′ ] in sbAut(N, η) for a based module Q. We assume that Q = Q 0 ⊕ Q 1 where Q 1 is a based module of rank greater than the rank of
for some based module P . This means that there are isometries h, h
As above, the isometries h and h ′ give possibly non-simple isometries a, a ′ of (N, η) ⊕ (Q, 0) ⊕ (P, 0). We claim that h and h ′ can be chosen so that a and a ′ are simple and hence a, a ′ ∈ Aut((N, η) ⊕ (Q, 0) ⊕ (P, 0)). It then follows that
. We demonstrate the claim as follows: firstly τ (a) = δ T (N,η) (∂a) and similarly for a ′ , so the equality
. Now let g be an isomorphism of N ⊕ Q ⊕ P such that g| N ⊕Q0⊕P = Id and τ (g) = −τ (a) (which is possible since the rank of Q 1 is larger than the rank of M and from above we see that there is an isomorphism d :
). It follows that τ (ag) = τ (g −1 a ′ ) = 0 and so we replace h and
Proof of Proposition 6.3. Consider to begin the case where v = (N, η) is linear and let 
and so by Witt's cancellation theorem for Λ = Z/2 and by [Bro72] Theorem III.1.14 for Λ = Z/2, we deduce that (V, 
The sequence of Corollary 5.13 gives
Linking forms
In this section we show how to calculate boundary isomorphism sets of forms which become nonsingular after localisation. To avoid complications with torsions we assume throughout the section that Wh(Λ) = {0} (see Remark 3.2). However, torsions can be interlaced with what follows using [Ran81] [Chapter 3.7]. The following technical lemma applies for all the forms considered later in the section.
Lemma 6.7. Let (V, θ) and (V ′ , θ, ) be ǫ-quadratic forms with stably isomorphic boundaries and injective symmetrisations λ = θ + ǫθ
Proof. It suffices to show that
is an isomorphism for any based module Q. So let f = (α, β, ν) : 
. Moreover, one may also check that if ∆ is a homotopy from f to another isomorphism
If h is an isometry of (V, θ) ⊕ (Q, 0) and
We now show the injectivity of s Q . Let
Using the fact that f i = C(f i ⊕ ∂ id Q ) and applying C to the homotopic isomorphisms above we see that f 0 is homotopic to C(∂h
). We now turn to the surjectivity of s Q . Given f as in the beginning, consider the automorphism g = f • (C(f ) ⊕ ∂ id Q ) −1 and, reusing notation, write g = (α, β, ν) where α = (a ij ), β = (b ij ) and ν = (n ij ). Calculation gives that (a ij ) = 1 0 0 0 1 0 a31 a32 a33
Now the isomorphism h = is a homotopy from g • (∂h ⊕ id (P,P * ) ) to the identity. Thus f is homotopic to
and so s Q is surjective.
Let S ⊂ Λ be a central and multiplicative subset and denote the localisation of Λ away from S by S −1 Λ. If P is a Λ-module then S −1 P := S −1 Λ ⊗ Λ P is the induced S −1 Λ module. First we repeat some definitions from [Ran81] [Chapters 3.1 and 3.4]. Definition 6.8.
i) Let P and Q be f.g. free modules. A homomorphism
ii) A (Λ, S)-module M is a Λ-module M such that there is an exact sequence
iii) An ǫ-symmetric linking form (M, φ) over (Λ, S) is a (Λ, S)-module M together with a pairing φ : φ 1 , ν 1 ) ) and Aut S (M, φ, ν) for, respectively, the set of isometries between ǫ-quadratic linking forms and the group of automorphisms of an ǫ-quadratic linking form.
Definition 6.9. Let (V, θ) be an ǫ-quadratic form and let λ = θ + ǫθ * .
i) The form (V, θ) is S-nonsingular if λ is an S-isomorphism.
ii) The S-boundary of an S-nonsingular form (V, θ) is the split ǫ-quadratic linking form ∂ S (V, θ) := (cok λ, φ, ν) given by
with x, y ∈ V * , z ∈ V , s ∈ S such that sy = λ(z). We call the pair (cok λ, φ) the symmetric S-boundary of (V, θ).
iii) The boundary of an isometry h : (V, θ)
relating the isomorphisms of quasi-formations and the associated linking forms. In order to investigate this map we start by considering the case where (V, θ) = (V ′ , θ ′ ).
Proposition 6.10. Let (V, θ) be an S-nonsingular form, let λ = θ + ǫθ * and let K θ be the kernel of the map
There is an exact sequence of groups
Proof. Define the homomorphism
The surjectivity of q follows from the proof of [Ran81] [Proposition 3.4.1] and [Ran80] [Proposition 1.5]. Let (α, β, ν) be a stable isomorphism of ∂(V, θ) which is in the kernel of q. Then α − * = 1 + µ∆ * for some ∆ ∈ Hom Λ (V * , V ). Because of the equation α − * µ = µβ it follows that β = 1 + ∆ * µ. Hence ∆ is a homotopy between (α, β, ν) and (1, 1, ν) for some ν ∈ Q ǫ (V * ⊕ P * ). But by the definition of homotopy 4.1, we see that ν must have trivial symmetrisation and satisfy λ * νλ = 0. Thus (1, 1, ν) ∈ Im(κ). The injectivity of κ follows quickly from Lemma 4.3 and the fact that λ is injective.
Corollary 6.11. Let (V, θ) and (V ′ , θ ′ ) be S-nonsingular forms with
Then there is an exact sequence
in the sense that there is a free action of K θ on Iso(∂(V, θ), (V ′ , θ ′ )) with orbits the fibres of q.
Proof. The automorphism group Aut(∂(V, θ)) acts freely and transitively on the set Iso(∂(V, θ), ∂(V ′ , θ ′ )) by precomposition. Restricting to κ(K θ ) ⊂ Aut(∂(V, θ)) gives the required action which, is [(α, β, ν)] + χ = [(α, β, ν + χ)]. Similarly the group Aut S (∂ S (V, θ)) acts freely and transitively on Iso S (∂ S (V, θ), ∂ S (V ′ , θ ′ )). Moreover, the map q maps the first action to the latter with kernel K θ and the Corollary now follows.
We now define a "linking boundary isomorphism set" for S-nonsingular forms and relate it to the full boundary isomorphism set.
Definition 6.12. Let (V, θ) and (V ′ , θ ′ ) be S-nonsingular forms. The linking boundary isomorphism set bIso S ((V, θ), (V ′ , θ ′ )) is the set of orbits of the group action
When (V ′ , θ ′ ) = (V, θ) we have the linking boundary automorphism set bAut S (V, θ) := bIso S ((V, θ), (V, θ)). The orbit of the identity map is denoted by 1 ∈ bAut S (V, θ).
The map q above induces a map
As (V, θ) and (V ′ , θ ′ ) are S-nonsingular ǫ-quadratic forms the maps λ = θ + ǫθ * and λ ′ = θ ′ + ǫθ ′ * are injective otherwise S −1 λ and S −1 λ ′ could not be isomorphisms. Hence we may apply Lemma 6.7 to deduce that
Proposition 6.13. Let (V, θ) and (V ′ , θ ′ ) be S-nonsingular ǫ-quadratic forms with ∂(V, θ) ∼ = ∂(V ′ , θ ′ ). There is a surjection
such that K θ is mapped onto but not necessarily into its fibres.
Proof. The surjectivity of q b • s −1 follows from the surjectivity of q b . Let
. Then there are isometries h of (V, θ) and
But since q(∂h) = ∂ S h and similarly for h ′ , we have that q(f 0 ) = q(∂h ′ • f 1 • ∂h) and now by Corollary 6.11 it follows that there is a χ ∈ K θ such that
Remark 6.14. We remind the reader that 
On l 2q+1 (Z)
We begin with the +-quadratic case and l 1 (Z) which is in general very complex but stably very simple. Every +-quadratic form over Z, w = (W, σ), determines and is determined by its symmetrisation,w = (W, σ + σ * ), which is an even symmetric bilinear form. Moreover each w splits uniquely up to isomorphism as (W, σ) ∼ = (V, θ) ⊕ (U, 0) where v = (V, θ) is nondegenerate: that is, ifv = (V, λ) then λ : V → V * is injective. It follows that F zs 0 (Z) can be identified with the set of isomorphism classes of nondegenerate symmetric bilinear forms. Following [Nik79] , we call nondegenerate even symmetric bilinear forms lattices. A lattice (V, λ) is called indefinite if λ(x, x) = 0 for some x ∈ V − {0}. Of course, the classification of lattices, and in particular definite lattices, is an extremely rich and complicated subject. Classically, two lattices are said to belong to the same genus if they become isomorphic when tensored with the p-adic integers for each prime p. We record here just two basic facts. Proposition 6.15.
i) The set of isomorphism classes of lattices of a fixed rank is finite but may be arbitrarily large.
ii) Ifv andv ′ are stably isometric, then they belong to the same genus.
Proof. Part (i) can be found in [MH73] [II.1.6]. The second part follows from [Nik79] [ Corollary 1.9.4] which states that the rank, signature and induced quadratic linking form on the boundary determine the genus of a lattice. But these invariants are agree forv andv ′ if and only if they agree forv ⊕ H + (Z k ) and
Turning to l 1 (Z), we fix a nondegenerate quadratic form v and consider
The above discussion, in particular Proposition 6.15 (i), implies that the above union may be taken over a finite set of v ′ . By Theorem 5.12 each l 2q+1 (v, v ′ ) sits in the exact sequence
Since the signature of twisted doubles w ∪ g −w of quadratic forms is zero (see [Ran98] 42), κ is the zero map. Setting S := Z − {0} we see that every nondegenerate form is S-nonsingular and applying Lemma 6.7 we may conclude that
This set is finite because it is a quotient of the finite group of isomorphisms between the boundary quadratic linking forms: Iso(∂ S v, ∂ S v ′ ). However even for very simple forms v the set sbAut(v) can be arbitrarily large. We now consider the question for which nondegenerate quadratic forms v does strict cancellation hold? That is, for which forms v is l 4k+1 (v) = {e([v])}? From the discussion of Theorem 5.12 above this is equivalent to asking whether v ∼ v ′ implies that v ∼ = v ′ and, if so, whether sbAut(v) = {1}. In [Nik79] Nikulin explicitly raised very similar questions concerning symmetric bilinear forms and we report translations of his results in parts (i) and (ii) of the following proposition. Here rk(V ) denotes the rank of a free abelian group V , l(G) denotes the minimal number of generators of a finite abelian group G and l p (G) = l(G p ) where G p is the p-primary component of G for a prime p.
Proposition 6.18. Let v = (V, θ) be a nondegenerate quadratic form and let (G, φ) be the associated symmetric boundary (Definition 6.9). Then strict cancellation holds for v if any of the following conditions hold.
Proof. The proof of parts (i) and (ii) requires only that we translate some results of Nikulin concerning lattices and the isomorphisms of their boundaries. Specifically Theorem 1.14.2 and Remark 1.14.6. [Nik79] assert for any lattice (V, θ + θ * ) in part (i) or (ii) respectively that all lattices in the same genus as (V, θ + θ * ) are isometric to (V, θ + θ * ) and that sbAut(v) = {1}. Applying Proposition 6.15 (ii) we are done.
For part (iii), note that any form which is stably isometric to (Z, p) is a rank 1 form v ′ with ∂ S (v ′ ) ∼ = (Z/2p, 1) and so v ′ must be isomorphic to (Z, p). Hence
) and so bAut(v) = {1}.
Remark 6.19. The case (i) includes the case when v = w ⊕ H + (Z) splits off a single hyperbolic plane.
In the skew-quadratic case the monoid l 3 (Z) is as simple as one can hope. ignores the quadratic refinement. We may therefore conclude only that V has complement W in M on which φ = ψ − ψ * vanishes. Let µ : M → Q −1 (Z) = Z/2Z be the quadratic refinement corresponding to ψ as in Remark 3.6. The restriction µ| W is a homomorphism W → Z/2Z. Thus we may choose bases of {v 1 , . . . , v k } and {w 1 , . . . , w k } of V and W respectively so that
where δ ij = 0 if i = j and 1 if i = j. As {v 1 , . . . , v k , w 1 , . . . , w k } forms a basis for the hyperbolic form (M, ψ) we see that µ(v 1 ) = 0. This is because {w 1 , v 1 } spans a nonsingular sub-form of (M, ψ) which we call (M 0 , ψ 0 ), and
) and so the Arf invariant of this form vanishes. Hence the Arf invariant of (M 0 , ψ 0 ) vanishes but this is µ(w 1 ) · µ(v 1 ) and so µ(v 1 ) = 0. We therefore let K be the Lagrangian with basis {w 1 + v 1 , w 2 , . . . , w k } and observe that K is a Lagrangian complement for V . The topological consequence of this algebra is Theorem 1.1 which is a cancellation result for stably diffeomorphic manifolds with polycyclic-by-finite fundamental group which split off enough S q × S q connected summands. We now introduce the absolute stable rank of Magurn, Van der Kallen and Vaserstein which is a generalisation of concepts of Bass and Stein. ii) The absolute stable rank of Λ, asr(Λ), is the minimum of all integers n with the following property: for all (n + 1)-pairs (a i ) 0≤i≤n in Λ there is an n-pair (t i ) 0≤i≤n−1 in Λ such that a n ∈ J(a 0 + t 0 a n , . . . , a n−1 + t n−1 a n ). If no such n exists we set asr(Λ) = ∞.
Important examples of rings with finite absolute stable rank are the group rings of polycyclic-by-finite groups. We now introduce some important concepts related to cancellation of hyperbolic forms. iii) A symplectic basis S = (e i , f i ) i of an ǫ-quadratic form H ǫ (P ) is an ordered basis of P ⊕ P * with θ(u, v) = 0 for all u, v ∈ S except for θ(e i , f i ) = 1 for all i.
iv) A hyperbolic pair (e, f ) of (V, θ) is a symplectic basis of some hyperbolic subform of (V, θ). 
This isometry has the same boundary as f by Proposition 7.5[iii]. Assume for a moment that there is a possibly non-simple isometry h : H ǫ (K)
−→ H ǫ (K) with τ ( h) = τ (h). Then g • (id W ⊕ h) is a simple isometry with the same boundary as f .
It remains to find h. If rk(L) ≤ rk(K) we simply use h plus the identity on H ǫ (L)/H ǫ (K). Otherwise, we can again compose h with transvections such that the result is
If rk(L ′ ) ≤ rk(K) then take h = h 2 • (id ⊕h ′ ). However, if rk(L ′ ) > rk(K)
is a possibly non-simple isometry with τ (h ′ 1 ) = τ (h). We repeat this process for h ′ until we arrive at the desired non-simple isometry h.
A second consequence of Theorem 7.6 is the following Corollary 7.8. Let (V, θ) = H ǫ (Λ k ) with k ≥ asr(Λ) + 2. Then RU ǫ (Λ k ) acts transitively on all bases of all hyperbolic planes in (V, θ).
Proof. Let λ = θ + ǫθ * the underlying ǫ-symmetric form of (V, θ). Let {e, f } be a hyperbolic pair and let {e i , f i } 1≤i≤k be the standard symplectic bases of (V, θ). By Theorem 7.6 and Lemma 7.5 there is a σ ∈ RU ǫ (Λ k ) with σ(e) = e 1 . Write σ(f ) = ae 1 + bf 1 + v where a, b ∈ Λ and v is in the span of e 2 , . . . , e k , f 2 . . . f k . If follows from λ(σ(e), σ(f )) = λ(e, f ) = 1 and θ(f, f ) = 0 that b = 1 and θ(v, v) = [−a] ∈ Q ǫ (Λ). One easily computes that ρ = τ e1,−ǫa,−ǫv sends f 1 to σ(f 1 ) and fixes e 1 . Hence ρ −1 σ ∈ RU ǫ (Λ k ) maps e to e 1 and f to f 1 . 
